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IMPROVED LOCAL ENERGY DECAY FOR THE WAVE EQUATION ON 
ASYMPTOTICALLY EUCLIDEAN ODD DIMENSIONAL MANIFOLDS IN 

THE SHORT RANGE CASE 

JEAN-FRANgOIS BONY AND DIETRICH HAFNER 

Abstract. We show improved local energy decay for the wave equation on asymptotically 
Euclidean manifolds in odd dimensions in the short range case. The precise decay rate 
depends on the decay of the metric towards the Euclidean metric. We also give estimates of 
powers of the resolvent of the wave propagator between weighted spaces. 



1. Introduction 



'^ ' The aim of this paper is to investigate the decay of the local energy for the wave equation 

Cd . associated to short range metric perturbations of the Euclidean Laplacian on R , d > 3 

odd. More precisely, for any p > 0, we show that the local energy decays like {t)~P if the 
metric converges like {x)~^~'^~'^ toward the Euclidean metric. This result rests on the C^^^ 
smoothness of the weighted resolvent of the wave generator. 

The case of the wave equation in dimension d > 3 odd is very specific. Indeed, in flat 
\f^ \ space, the strong Huygens principle guaranties that the local energy decays as fast as we 

CN ■ want. For compactly supported perturbations, this no longer holds in general but one can use 

^'j \ the theory of resonances (see [21] for a general presentation of this field) to prove dispersive 

C^ ' estimates. In non-trapping situations, this theory gives a resonance expansion of the cut-off 

propagator which implies an exponential decay of the local energy with an optimal decay rate 
as in [17J for example. Such properties are related to the meromorphic extension to the whole 
complex plane (and, in particular, in a neighborhood of 0) of the cut-off resolvent of the wave 
generator (see j22j . |24] ) . The resonance theory can also be used in trapping situations, but 
KN \ there is necessarily a "loss of derivatives" in the local energy estimate, see [18]. Among the 

j^ ■ large literature on this subject, we only refer to [7], [23] . 

One can also obtain exponential decay of the local energy using the theory of resonances for 
exponentially decaying perturbations. In this case, the weighted resolvent has a meromorphic 
extension only in a half-plane containing the real axis and the exponential decay rate of 
the local energy is controlled by the exponential decay of the perturbation at infinity. Such 
ideas were developed in [8], [15], [20]. It is therefore natural to ask what are the decay rate 
and the regularity properties of the resolvent for polynomially decaying perturbations. In 
such situations, it is unlikely that the resolvent is analytic near the real axis. However, we 
might hope that the weighted resolvent has some C^ regularity properties up to the real line. 
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depending on the decay rate of the perturbation. In the same way, the exponential decay 
should be replaced by a polynomial one. In this paper, we show that this is indeed the case. 

Note that the definition of the resonances by complex dilation or distortion (see [1], |13] ) 
does not seem to be appropriate to show local energy decay at low frequencies. Indeed, such 
methods do not give good estimates of the resolvent near the thresholds. Concerning the 
resonances, we also mention that the dynamically definition of [10] which describes the long 
time evolution of well-prepared initial data. 

To prove the local energy decay, one can also apply other techniques like the vector field 
methods (in the huge literature of this field, see e.g. [16j and the books [2], [12j), the Mourre 
theory (see [3], [6]), ...However, in general, these methods do not distinguish between the 
parity of the dimension and give the polynomial decay of the local energy that one expects in 
even dimensions mutatis mutandis. Eventually, the theory of perturbations can be used to get 
resolvent estimates at low energy and then decay of the local energy for "small perturbations" 
(short range interactions, lower order terms, . . . ). This approach, close to the one developed 
in this paper, has been followed in numerous papers concerning the local energy decay for the 
Schrodinger equation perturbed by a potential (see [13], [IH] for example). 

In this paper, we consider the following operator on W^, with d > 3 odd, 

(1.1) P = -bdiv{AVb) = - V b{x)^A,j{x)-^b{x), 

^-^ axi oxj 



where b{x) £ C°°(R'^) and ^4(2;) G C°°(M'^;M'^^'^) is a real symmetric d x d matrix. The 
C°° hypothesis is made mostly for convenience, much weaker regularity could actually be 
considered. We make an ellipticity assumption: 

(HI) 3S > 0, Vx G M'^ A{x) > Sh and b{x) > 6, 

Id being the identity matrix on M . We also assume that P is a long range perturbation of 
the Euclidean Laplacian: 

(H2) 3p > 0, Va G N" m{A{x) - /,)| + \d^{b{x) - 1)| < (x)"^"!"'. 

In particular, if 6 = 1, we are concerned with an elliptic operator in divergence form 
P = -div(^V). On the other hand, if yl = {g^g'''^{x))ij, b = (det^^'^y/"^, g = I, then the 
above operator is unitarily equivalent to the Laplace-Beltrami — Ag on (M'^, q) with metric 

d 

= ^ gijixjdx'dx^, 

where {gi,j)i,j is inverse to {g^'-^)ij and the unitary transform is just multiplication by g. We 
are mainly interested in the low frequency behaviour, but our result is global in energy if we 
suppose in addition 

(H3) P is non-trapping. 

In the following, || • || will design the norm on L^(M ) or C{Lp'). Let H^ be the usual Sobolev 
space on W^. Then it is well known that {P,D{P) = H^) is selfadjoint on L^. Let us first 
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rewrite the wave equation associated to P as a first order equation. The wave equation 

' (0^ + P)u = 0, 

(1.2) I n(0) = uo, 

^ dtu{0) = ui, 
is equivalent to the first order equation 

(1.3) ' 
with ijj = (n, dfu) and 
(1.4) 

We also put Pq = —A and 
(1.5) 

{Pu, u) (resp. 



1^(0) = (uo,ui), 



G 



Gn 






1 


-p 








1 


-^0 






Let ijp (resp. H'j)) be the completion of C( 



^(M*^) in the norm \\u\\'^-^ 

-fl IK 



rip 



{Pu,u) + ||Pn|p). Then it is well known that {G,{Hp © Hp)) is selfadjoint on 



£ = Hj, © L^. We put "^^^ := i7''+^ © F"*. Our main result is the following: 
Theorem 1. Assume d > 3 odd, /U > and p > n + 2 (p > fi + 1 in dimension d = 3). 
i) For all x £ C'o°(]R) and e > 0, we have 



{x)-t'-^-'e-'^^x{G){x\ 



-fi-l-e 



C(W) 



< {tr". 



a) If we suppose in addition (]H3p . then the above estimate holds globally in energy: 



(x) 



'fj.-l~£. 



itG 



(x) 



-/i— 1— £ 



< 



C{W) 



{ty 



For d = 3, we can replace (x) t^ ^ '' by (x) ^ ^'^ ^ in the above estimates. 

Remark 2. Combining the previous theorem with [3\ and an interpolation argument, we can 
replace (x)^'^^^^^ by (x)^^^^ in Theorem\l\ if p = +oo and p > 1. 



Note that one can express the wave propagator at low frequencies in terms of P using the 
classical formula 

sinty/P 
(1.6) 



-itG 



costyP 



-\/Psint\/P cos tVP 

and that x{G) = x{yP) © x{vP) for x even. The proof of Theorem [1] rests on the follow- 
ing smoothness property of the weighted resolvent at low frequencies (see also the Holder 
regularity stated in Proposition [TTj) . 

Theorem 3. Assume d > 3 odd, /c G N* and p > k + I (p > k for d = 3). Let k = k 

(k = k — 1/2 for d = 3, k > 2). Then, for aii s S M and C,e > 0, we have 



sup Wixy-'iG-zyixy- 
zeC\R,\z\<C 



"^ < 1 

ll£{•H^W=+''■) ~ 
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The polynomial decay of the local energy (resp. the C^ smoothness of the weighted resol- 
vent) for polynomially decaying perturbations is analogous to the exponential decay of the 
local energy (resp. the analytic extension of the resolvent) given by the resonance theory for 
compactly supported or exponentially decaying perturbations. 



2. The free resolvent 

The goal of this section is to show the following estimate on the free resolvent. 
Proposition 4. Let d > 3 be odd. For aii A; G N, s G M and C, e > 0, we have 



sup 

2GC\R, \z\<C 



\C{W,W+^) 



<1. 



To prove this result, we will write the free resolvent as an integral in time over the evolution 
and then use the strong Huygens principle. Note that we estimate the powers of the resolvent 
in a scale of Sobolev spaces rather than in a scale of energy spaces. We therefore first need 
rough estimates for the evolution on H^ © LP'. 



Lemma 5. Uniformly for t gW, we have 



(2.1) 
(2.2) 



-UGo I 



£{Hi®L2) -- \*/' 



-*tGo/™\-l 



{xY 



\cim®L2) 



<1. 



Proof. Using the functional calculus, we obtain 

II COSty/Po\\^^^i~^ < 1, II COStA/^li^j.^2) ^ -, 

-1/21 



<1, 



^PosintV^o||£(j^i_i2) = II - V^osin(tVPo)(-Po)" 



l£(L2) 



<1, 



sint-v/R 



c{L'2,m) 



(Po)^/^^^^ 



< 



£(L2) 



(Po)^/^t!^^x(Po < 1) 



WPn 



+ 



C{L^) 






Combined with (|1.6p . this implies the first estimate. 

We now prove (12. 2p . Using the previous arguments, we only have to show 



vPo 



£(L2) 



<1. 



By the classical Hardy estimate, we have 



1 



< IIIVI 



which gives by Fourier transform 



^ 



-.u 



< 



< 



|(x)n||. 
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We conclude that 



(Po)^/^^^^x(Po < l)(x)-^ 



^ 






<1, 



and the second estimate of the lemma follows. D 

The following estimate on the free evolution is fundamental for the proof of Propositions) 
Lemma 6. Let d > 3 he odd and q > 1. Then, uniformly in t G M, we have 

II w e [X) ||£(//i®L2) ;i \r; . 

Proof. By ()2.ip . we can suppose t > 1. Let (p G C^(] — oo, ^[) be such that ip = 1 close to 
zero. In particular, this implies 



(2.3) 
and 



"P 



c{m®L2) 



<1, 



(x)-"(i-(^)(Y 



We obviously have 



£(i/i®L2) 



< 



(X)-"(1-V.)(^) 



+ 



(x)-"(l-^)(M) 



C[L^) 



< (t\-°'. 



(:r)-"(l-^)(Y 



am) 



C{L^) 



(t) 



On the other hand, 



m 



< 



(x)-°(l - ¥')(^)n||^, + ||(x>-'^-^(l - 9^)(y)^ 



L2 



+ 



X \ X 



(^)"V V if^^ 



t / t X 



L2 



+ 



(x)-"(l-(^)(Y)Vn 



L2 



< /^\-° 



{tr'^Mm. 



Combining the three previous estimates, it yields 



(2.4) 



(x)-°(i-99)f^') <{ty" 



Using the previous estimates, we can now finish the proof of the lemma. We write 



(x)-"e-**^«(x) 



l/:(/fiffiL2) 



< 



(x)-"(l-(^)(^)e-**^°/-\-" 



'(x)- 



+ 



+ 



(x)-X^)e-«-o(l-v.)(^)(x 



\x\\ _Hn,-. [ \x\ 
1 J ' \ t 



c{m®L2) 

X 

1 



(x)-X^)e-*^V(^)(x) 



(2.5) =:h+h + h. 

Using ([22]), dMI) and a > 1, we get 



(2.6) 



/i< 



(x)""(l-9.) 



t 



C{H^®L^) 



-itGo/^\-a 



(x)- 



< 



/;(ifieL2) 



£(i/i©L2) 
£(Hi®L2) 

it)-". 
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The same way, ([22]), (H^J, ([231) and a > 1 imply 



c{m®L-^) 



(1-^)(Y)(^)^ 



£{Hi®L2) 



~ ^\ t ) c(m®L^) ^ ' 

(2.7) < {t)-\ 

Eventually, the strong Huygens principle and the assumptions on the support of (p give 

(2.8) Is = 0. 

Thus, the lemma follows from (j2.5p and the estimates (j2.6p . (j2.7p and (j2.8p . 

Proof of Proposition^^ We have, for Imz > 0, 

(Go - z)-i = i 
and thus 

We then estimate, for Im z > 0, 



-it{Go-z)^^^ 



(««-)-' -j('°°|^=-'"^»-"*- 



I — fc — E 



(x)-'^-^(Go-z)-'^(x) 



— fe I r„\—k—£ I 



l£(WO) 



< 



< 



fe— 1 II I ^\—k—£ —itGo I ^\—k—e 



w-'m 



{xY 



\C{HO) 



dt 



{t)-'-^dt < 1, 



where we have used Lemma [H To obtain the higher order estimates, we observe that 



1^,3 X \\{GQ + iYv\\^o, 



and that 



(Go + if{x)-'^-' = 0{l){x)-^-'{Go + if. 
The proof for Im z < is analogous. 



D 



D 



3. Improved estimates for the free resolvent in dimension 3 



In this section, we show improved resolvent estimates in dimension 3 using the explicit 
form of the kernel. 

Proposition 7. Let d = 3, /cGN*,sGM and 

1 for A; = 1, 

k - 1/2 for k>2. 
Then, for all C,e > 0, we have 

'\{x)~^~^Go-z)-''{x)-^-'\ 



sup I 

zeC\M, |z|<C 



C{W,W+^) 



<1. 



In order to prove this proposition, we will need the following lemma valid in all dimensions. 

Lemma 8. Let 0<a,7<|,0</3<(ibe such that | < a + /3 < d and a + /3 + 7 > d. 
Then the operator with integral kernel k{x,y) = {x)~'^\x — y\~^{y)~"' is a bounded operator 

on L2(M'^). 
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Proof. Let u G L^{R'^) and 

v{x) = {x)~°'\x-y\~'^{yy^u{y)dy. 
Then, by the Holder inequality, we have 



< 



\{x) 



-a+e I 



I Pi 



\x-y\ ^{x-y) ""{y) ^+^|u|(y)dy 



V2 



with J- + ;i = i For < a < ^, we can take pi = -^ and 



VI P2 



V2 



^#^ with e > smah 



(i-2Q+3£ 



enough. Now, by |1H Corollary 4.5.2], we have 



|x|-^(x)-^*(y)-^+^|n|(y)| 



< 



P2 



|x| ^ (xY 



I 91 



|(y> 



-7+e 



U 



1 92' 



with 1 < (/I , (/2 < +00 and 



1 1 1 

— + — = 2-1 + —. 

gi 92 P2 



As < /? < d and a + /3 > d/2, we can take q\ = -^j^ and q2 = ■id-'^{a+B)+2,e • ^^ '^°^ 
estimate again by the Holder inequality 



\{y) 



— 7+£ 



U 



< 



192 



|(y> 



— 7+£ 



|f2) 



with 



1 1 _ 1 

J^l ^2 92 ' 

ri 



As a + /3 < d, we can take r2 = 2 and ^ = 1 — ^r^. We need (7 — e)ri > d or equivalently 

7-e> — = (i- "'^""^^^ <;=^ fi(a + /3 + 7) > d^ + 2e(i - £7 + e^, 
ri a + e 

which is fulfilled for e > small enough since a + /3 + 7>(i. D 



Proof of Proposition^ Using Proposition HI it is sufficient to consider the case k > 2. Let us 
first recall that the kernel of the free resolvent in dimension 3 is given by 

piz\x\ 



Using (|1.5p . we write 

(Go - z)-' 





-i 



47r|j;| 



z I 

-iPo z 



+ (i^o - z 



2\-l 



• 2 

-iz z 



The kernel of the second operator in the above line is given by 



^^A^-v\ 



iz'' z ) \tx\x -y\ 



Note also that, for A; > 2, 



(Go-z)-^ = ^^^ari(Go-z)-^ 



Thus, the kernel of this operator decomposes into a sum of terms of the form 
(3.1) 



z^lx-yp-^e^^l^-^l 
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with 0</3<2,0<7<A; — 1. We therefore have to bound kernels of the form 

If 7 — 1 = —1, then Lemma [8] tells us that the corresponding operator is bounded on L^ for 
K>1. If7— 1>0, then for k = 7 — 1 + 3/2 the above kernel can be estimated by 

which clearly defines a bounded operator on L?. The worst case is 7 = A: — 1 and thus 
K = k — 1/2. This proves the estimate in C{T-L^) and then in C{'H^,'H^^'^) by the same 
argument as in the end of the proof of Proposition HI D 



4. Resolvent estimates for the perturbed operator 

Using the results obtained in the previous sections, we now prove the estimates for the 
weighted resolvent of G stated in Theorem [3j To lighten the exposition, we will use the 
notations R{z) = (G — z)~^ and Ro{z) = (Gq — z)~^ in the sequel. Let dj = djb and d* = bdj. 
In the following, r-,- will stand for an error term fulfilling 



(4.1) 

Let us now introduce 

(4.2) 



d^rjix) = 0{{xy 



\a\~p-j 



)• 



V ■.= Go-G 




P-Po 



W 



W 



which is continuous. Note that 



(4.3) 



P — Pq = d*rod + d*ri + rid + r2, 



where we have not written the sum over the indexes on the right hand side. In dimension 3, 
we will need the following lemma. Note that this result also applies to G replaced by Gq. 

Lemma 9. For all s &M and C, e > 0, we have 





(4.4) (x)-i/2-£ 

(4.5) {x)-^/^-'R{z) 
uniformly in z G C \ M, \z\ < C. 



d, 



R{z){x)-^/^-' 




£(w^w=+l) 



<1, 



d* 



{x) 



-l/2-£ 



<1, 



C(W,W+^) 



Proof. We only show (j4.4[) . the proof for (j4.5|) being analogous. Let us first recall that 

pl/2 

-PV2 

1 / p-1/2 p-l/2 



(4.6) 



G = U-^LU 



(4.7) 

Therefore 

(4.8) 



J_/pl/2 



with L - 



V2\ 
R{z) = U'\L-zy^U. 
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Note that U : Hp © L^ — )■ L^ © L^ is a unitary transform and that L is selfadjoint on L^ © L^ 
with domain D{L) = H^ ® H^ . Using ()4.6p - ()4.8p . we compute 

\ 1/00 

with 

A = dj{p^/^ - z)-^ + dj{-p^/^ - zy\ 
B = i(a,(pi/2 - z)-i - d,{-p'/^ - z)-^)p-^i\ 

In order to prove a bound on CiJ-L^ ,1-0') , it is therefore sufficient to show that 

{xr^/^-%{P^'^ - z)-\xr^'^-' : H^ -^ H\ 

{X)-^I^-%P-^I\P^I^ - z)-\x)-'/^-' : L2 -^ H\ 

are bounded uniformly in z G C \ M, \z\ < C. This follows from |5j Lemmas 4.1, 4.7 and 4.8] 
and [H Theorem 1]. In order to prove the estimates for s S Z, we commute with the partial 
derivatives dk and use |.5, Lemmas 4.1, 4.7 and 4.8]. Eventually, the case s G M follows from 
an interpolation argument. D 

To prove Theorem[3l it will be useful to have an explicit form of the powers of the perturbed 
resolvent R^{z) in terms of the powers of the free resolvent Rq{z), 1 < j < k, and of the 
perturbed resolvent R{z). 

Lemma 10. For all k eW and z G C \ M, we have 

R\z)= Y,MoV---VMn, 

finite 

with Mo = Rq'^{z), Mn = Ro"{z) and Mj = R{z) (in which case we put Oj = 1) or Mj = 
Rq^ (z) for 1 < J < n — 1. Moreover, the aj 's satisfy 

n 

Vj G {0, . . . , n} < aj < k, aj + aj+i < A; + 1 and N^ aj = n + k. 

j=0 

Proof. We prove the lemma by induction over k. In the case k = 1, we use twice the resolvent 
identity: 

R{z) = Roiz)+Roiz)VRiz) 

= Roiz) + Ro{z)VRo{z) + Ro{z)VRiz)VRo{z). 
Let us now suppose the lemma for k > 1. We write 
R''+\z) = R{z)R''{z) 

= {Ro{z) + Ro{z)VRo{z) + Ro{z)VR{z)VRo{z)) J^ MqV ■ ■ ■ VM^ 

finite 

= Y,MoV---VMm, 

finite 

where the last sum has the required properties. D 
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Proof of Theorem\^ Let us first consider the case k = 1. From ()1.4p . we have 

(4.9) R{z) = {P - z'r' (^ _Ip i 
Using [H Theorem 1] and a simple calculation, we get 

\\{x)-'-%p-z'r\x)-'-%^^^^^^^,^<i, 

uniformly in z € C \ M, jz] < C. It then follows by (|i^ that 

(4.10) \\{x)-'-'R{z){x)-'~'\\^^^,^^,^,^ < 1, 

and the case k = 1 follows. 

We now treat the case k >2, d > 3 odd. Using Lemma [TOl we can write 

{x)-''-'R''{z){x)-''-' = Y^ {x)-^-'MoV-- ■ MjVMj+i ■ ■ ■ VMn{x)-^-' 

finite 



Y^ (x)"o-'=(x)-"«-^Mo(x)-"«-"(x)°°+^y . . . 



finite 



(4.11) . . . y(x)""+^(x)-""~"M„(2;)-""-^(x)""~^ 
Since aj + aj+i <k + l<p, (|4.2|) and (14. 3p imply that 

(x)"^+"y(x)"^+i+^ : n' -^ n'~\ 

is a bounded operator. Moreover, from Proposition U and ()4.10p . we have 

uniformly in z G C\M, \z\ < C. Combining (j4.1ip with the previous estimates, ao < k, an < k 
and ^ Oj = k+n, we get that {x)^^~^ R^ {z){x)^'^~^ is bounded uniformly in z G C\M, |2;| < C 
as operator from W to W^^ . 

It remains to study the case k >2 and d = 3. As before. Lemma [TOl gives 

(4.12) = Y {x)-^+'^''^-^MqV ■ ■ ■ MjVMj+i ■ ■ ■ VMn{x)-^+'^''^-^. 

finite 

Prom (142)1 and (1431). we have 



v= ( ~ oVo^^oV~M + ^~ OWin 

V5*oyVo Q)\dQ)\d*{))\Q 

/o 0\/00\ /O 
V in )\d G )^\ir2 

where the sum over the indexes does not appear. In particular, since Oj+aj+i < k + 1 < p+1, 
V can be written as 

(4.13) ^ = E ^i^^i+i' 

finite 
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where 



A* = { -^ , ) (x)-"^+i/2-^ or A* = (x)-"^-, 




d* 

and i? is a bounded operator Ti^ to 'W^^. From Proposition [71 Lemma[9]and (j4.10p . we have, 
for j e {l,...n- 1}, 

(4.14) \\A,M,A*\\^^^,^^s+^^^<l, 

uniformly in z G C \ M, \z\ < C. Moreover, since k > 2, we have k — 1/2 > max(l, oq — 1/2) 
and k — 1/2 > max(l,a„ — 1/2). Then, Proposition [7] and Lemma [9] give 

(4.15) \\{x)-''^^/^-'MoA*o\\^^^^^^^^^^^<l and ||^„M„(x)-^'+i/2--||^(^,^^,+,„^ < 1. 

Putting together KWi . glSj, J^TiM and (liJSjl . we get that (x)-*-'+i/2-£^fc(^)^^^-fc+i/2-£ 
is bounded uniformly in z G C \ M, \z\ < C as operator from Ti^ to Ti^^^. D 

It turns out that the weighted resolvent of G is not only bounded, but also has some Holder 
regularity which will be used in the proof of Theorem [TJ 

Proposition 11. Assumed > 3 odd, A; G N with k>2, a G]0, 1[ and p > k + a + 1 (p > k + a 
for d = 2>). Let k = k (k, = k — 1/2 for d = 3). Then, for aii s G M and C,e > 0, we have 

Wixr'^-^-^R'iz) - R'{z')){x)'^—%^^^^^^^,^ < Iz-zT, 

uniformly in \z\,\z'\ < C with Imz • Imz' > 0. 

Corollary 12. Proposition U 1 1 and a classical argument imply that the powers of the weighted 
resolvent have a limit on the real axis. More precisely, under the assumptions of Proposition 
[Tl\ the limits 

{xy^^'R^iX ± iO){xy-' = lim{xy-'R^{X ± i5){x)-''-' , 

exist for A g] — C, C[ and j G {1, . . . , A:}. Moreover, for j G {1, . . . , /c — 1}, 

(x)-"-^i?^'+i(A ± iQ){x)'^-' = r^dxixy-'R^iX ± iO)(x)-^-% 

and 

ll(x)-'^""-^ {R'^iX ± iO) - R\X' ± iO)) (x)""~"~1L(^.,^.+.) < I A - A'r , 

uniformly in A, A' g] — C, C[. 

Proof of Proposition \11[ An interpolation argument using Proposition H] and Proposition [7| 
gives, for j > 2, 



(4.16) {x)-^-"-^{Ri{z) - Ri{z')){x)-^-»-^\ 



C{W,W+i) 



with 

■ j for (i > 5, 



j - 1/2 for d = 3. 
Since k>2, Theorem [3] yields 

\\\x) R[z){x) W ciW ,W+''-) ~ ' IK"^' (^Jx-^/ W CCH" ,W'+^) ^ ' 
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for all (i > 3 odd. This gives 

(4.17) ||(x)-i-"-^(i?(z) - R{z')){x)-^-''-'^^ 



< \z - z' 



For the improvement in dimension d = 3, we need estimates in the spirit of Lemma [H 
Since k>2, Theorem [3] yields 



|/™\-3/2-£o2/ w \-3/2-E|| < -, 



and then 



i-)-'^'-' ill) R\z){x\-y'-^ 



<1. 



CiW,W'+^) 



Interpolating with Lemma [U we get 



(4.18) 

The same way, 



(x)-V2— ( ^ ]{R{z)-R{z')){x\-'/'—^ 



< 



z — z 



C(W,W+'^) 



(4.19) 



(x) 



-l/2-a-e 



{R{z) - R{z')) 



d* 



(x) 



-l/2-a-£ 



< 



Z — Z 



C{W,W+^) 



By Lemma [TOl we can write 



(4.20) R''{z)-R''{z')= '^'^Mo{z)V---V{Mj{z)-Mj{z'))V---Mn{z'). 

finite j=0 

Now, the rest of the proof is similar to the one of Theorem [3] and we omit the details. The 
difference is that we add an additional (x)~" on the left and on the right of {Mj{z) — Mj{z')) 
and that we use (fiT6|) . ^^Tj) . (fiT8|) and ([^9]) instead of Proposition HI Proposition [3 
Lemma [9] and (|4.10p to estimate this term. D 



5. Proof of the main theorem 

In this part, we deduce Theorem [T] from the smoothness of the weighted resolvent obtained 
in Section m First note that for /x < 2, this theorem follows from [3]. Indeed, under the 
assumption p > 0, it is proved in [3l Theorem 1 i)] that 

(x)i-'^e-^*Gx(G)(x)^-'^ < (t)i-'^+^ 
On the other hand, [5l Lemma 4.2] gives ||(x)~"'^'^~^m|| < ||P"'^'^u||, and then 



(x)- 



-l/2-e -itG 



x(G)(x) 



-l/2-£ 



<1. 



Interpolating the two previous estimates yields Theorem [T] for /i < 2. 
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In the sequel, we assume that /x > 2. Thus, we can apply Corollary [12] with k = [^J +1 > 3. 
Using Stone's formula and integrating by parts, we get 

{xy^'-^-'e-'^^xiG){x)-^'~^-' 



— [ x(A)e-**^(x)-^-i-^ (R{X + iO) - R{X - iO)) {xy^'-^-'dX 
2tti J ' 

1 1 

27ri {it) L^J 



(5.1) = ^T^E E ±C;^-j7x,(A)e-*^(x)---i-i?^(A±zO)(x)-^'-i-dA, 

with Xj = d^^^^^^^x £ C'o°(l^)- Moreover, mimicking the proof of [H} Theorem 25], we obtain, 
for all 1 < j < L/wJ + 1, 

Xj{X + TT/t)e-'^^{x)-''-^-'R^{X + vr/t ± iO){x)-^-^-'dX 
= -A + l (x,(A) - Xi(A + vr/t))e-**"(x)-^-i-^i?^(A ± tO){x)->^-'-'dX 

+ /xi(A + TT/t)e-''^^{x)-^'-^-'{W{X ± iO) - WiX + vr/t ± iO))(x)-^'-^-"(iA 

(5.2) =0(tLH-M)^ 

since A i— )• {x)^^~^~'^R^{X ± iO)(x)^^^^~^ (and of course A i— ;■ Xj(A)) is Holder continuous of 
order fi— [|uj thanks to Corollary Wl\ Then, (|5.ip and (|5.2p imply part i) of Theorem [T] in the 
case d > 3 odd. This argument gives also the improvement in dimension (i = 3. In order to 
prove part ii) of the theorem, it is sufficient to use the high energy estimates of [3J Theorem 
5 ii)] as well as the formula (jl.6|) . 
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